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NB: They are based on implementable operations.
Examples:

1. Minimization of linear function (Frank-Wolfe, 1956)
2. Euclidean projection (mid-60's)

3. Minimization of the augmented linear model of objective function

(Mirror-descent methods, Nemirovsky-Yudin, mid-70's)

Not too many possibilities for development of minimization methods.
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New possibilities

They appear in the framework of Relative Smoothness Condition.

Main idea:

1. Assume that we know how to solve some simple minimization
problems.

2. Then we can use this know-how for solving more complicated
problems.

3. For that, the objective function of our complicated problems must be
similar to the initial simple functions.

Main question: How to measure this similarity?
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First-order variant: For function d, define the Bregmann distance:
Palx,y) = d(y) —d(x) = (Vd(x),y =x) = 0, x,y € domd.
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nBa(x,y) < Br(x,y) < LBa(x,y), x,y € domd.
Main advantage:

If we can easily minimize d, then we can minimize f very efficiently

by the simple Gradient Schemes.
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Problem: min f(x),
xeQ

where
» Q@ is a closed convex set.

> f satisfies RSC on Q for some scaling function d with Q C domd.

Main Assumption: we can solve the problem mig{(g,x) +d(x)}
S

with any vector g € R".

Gradient Method: Choose xy € @ and iterate
Xk+1 € Arg rTéIS {(Vf(xk),x — Xk) + Lﬁd(xk,x)}, k> 0.

Simple property:  f(xk11) < f(x«), k > 0.



Global rate of convergence



Global rate of convergence

Denote v = ¥

6/14



Global rate of convergence

Denote v = & (Condition number).

6/14



Global rate of convergence

Denote v = & (Condition number). We assume that x and L are known.

6/14



Global rate of convergence

Denote v = & (Condition number). We assume that x and L are known.

During the process,

6/14



Global rate of convergence
Denote v = & (Condition number). We assume that x and L are known.

During the process, for T > 1, we update the following model of the
objective function:

6/14



Global rate of convergence

Denote v = & (Condition number). We assume that x and L are known.

During the process, for T > 1, we update the following model of the
objective function:

lr(x) = 17(117)r kZT:(l =) TR () + (VF(x), x — xic) + Mﬁd(Xk,X)]~

=1

6/14



Global rate of convergence

Denote v = & (Condition number). We assume that x and L are known.

During the process, for T > 1, we update the following model of the
objective function:

lr(x) = 17(117)r kZT:(l =) TR () + (VF(x), x — xic) + Mﬁd(Xk,X)]~

=1

NB:

6/14



Global rate of convergence

Denote v = & (Condition number). We assume that x and L are known.

During the process, for T > 1, we update the following model of the
objective function:

lr(x) = 17(117)r (=) ) + (VF(xi), x — xie) + Mﬂd(Xk,X)]~

k=1

NB: /{7(x) < f(x) for all x in Q.

6

14



Global rate of convergence

Denote v = & (Condition number). We assume that x and L are known.

During the process, for T > 1, we update the following model of the
objective function:

tr(x) = =y ki(l )T K F() + (), x = x0) + B, )]

-1
NB: /{7(x) < f(x) for all x in Q.

Theorem. For all T > 1 and x € Q we have

6

14



Global rate of convergence

Denote v = & (Condition number). We assume that x and L are known.

During the process, for T > 1, we update the following model of the
objective function:

tr(x) = =y é(l )T K F() + (), x = x0) + B, )]

NB: /{7(x) < f(x) for all x in Q.

Theorem. For all T > 1 and x € Q we have

Fxr) + LBa(xr.x) < 005 Ba(x0, %) + L7 (x).

6

14



Global rate of convergence

Denote v = & (Condition number). We assume that x and L are known.

During the process, for T > 1, we update the following model of the
objective function:

tr(x) = =y é(l )T K F() + (), x = x0) + B, )]

NB: /{7(x) < f(x) for all x in Q.

Theorem. For all T > 1 and x € Q we have
Fxr) + LBa(xr.x) < 005 Ba(x0, %) + L7 (x).

Corrollary:

6

14



Global rate of convergence

Denote v = & (Condition number). We assume that x and L are known.

During the process, for T > 1, we update the following model of the
objective function:

tr(x) = =y é(l )T K F() + (), x = x0) + B, )]

NB: /{7(x) < f(x) for all x in Q.

Theorem. For all T > 1 and x € Q we have

Fxr) + LBa(xr.x) < 005 Ba(x0, %) + L7 (x).

Corrollary: f(xr) — f* < £4=2 Tﬁd(xO, ).

6

14



Global rate of convergence

Denote v = & (Condition number). We assume that x and L are known.

During the process, for T > 1, we update the following model of the
objective function:

tr(x) = =y é(l )T K F() + (), x = x0) + B, )]

NB: /{7(x) < f(x) for all x in Q.

Theorem. For all T > 1 and x € Q we have

Fxr) + LBa(xr.x) < 005 Ba(x0, %) + L7 (x).

Corrollary: f(xr) — f* < £4=2 Tﬁd(xO, ).

NB:

6

14



Global rate of convergence

Denote v = & (Condition number). We assume that x and L are known.

During the process, for T > 1, we update the following model of the
objective function:

tr(x) = =y é(l )T K F() + (), x = x0) + B, )]

NB: /{7(x) < f(x) for all x in Q.

Theorem. For all T > 1 and x € Q we have

Fxr) + LBa(xr.x) < 005 Ba(x0, %) + L7 (x).

Corrollary: f(xr) — f* < £4=2 Tﬁd(xO, ).

NB: When p — 0, we get the following limit:

6

14



Global rate of convergence

Denote v = & (Condition number). We assume that x and L are known.

During the process, for T > 1, we update the following model of the
objective function:
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NB: /{7(x) < f(x) for all x in Q.

Theorem. For all T > 1 and x € Q we have

Fxr) + LBa(xr.x) < 005 Ba(x0, %) + L7 (x).

Corrollary: f(xr) — f* < £4=2 Tﬁd(xO, ).

NB: When p — 0, we get the following limit:
fixr)—rf*< %Bd(xmx*).
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Assume that we know some set A/ containing the solution x*.

Then >\ min £7(x).
en > U7(N) i 7(x)

At the same time,

_ T
f(XT) - e?(N) S lﬁb_(:-l_’}/’y))T XErSaﬁ(N Bd(XO,X).

Most natural choice:

N ={x: Ba(xo,x) < D}.

NB: 1. In many situations, N and D are explicitly known.

2. The rate of convergence is not as good as for the Fast Gradient
Methods.

However, the field of applications is much wider.
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We say that f has a Bounded Growth with respect to d(-) and ¢()
if for any x,y € dom f and gr € 9f(x), we have

<gf7X - }/> < lpil(ﬁd(x,)/))v

where p~1(+) is the inverse of function ¢(-), and

Bd(va):d(y)_d(X)_<Vd(X)ay_X>v X,deOInd.
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